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Abstract

This module includes first proofs of propositional calculus theorems. The following theorems and proofs
are adapted from D. Hilbert and W. Ackermann’s ‘Grundzuege der theoretischen Logik’ (Berlin 1928,
Springer)
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Theorem 0.1 (hilbl).

P —-Q — (A—- P — (A—-0Q)

Proof.

1 (P - Q) — (AV P — (AV Q)
2 (P — Q) — (A V P) = (m4A Vv Q)
3 P —-0Q — (A= P = (-AVQ)
4 P —-Q) — (A —-P —(A4—-0Q)

This proposition is the form for the Hypothetical Syllogism.

The self implication could be derived:

Theorem 0.2 (hilb2).

Proof.

1 P — (PV Q)

2 P — (PV P

3 (PV P)—P

4 (P —=Q) — (A—P) — (4
5 P —-Q) — (B—P) — (B
6 (P - C) - ((B— P) — (B
7 (b —-C) - (B — D) — (B
8 (D —-C) — (P - D) - (P
9 (O —- P)— (P — D) — (P
10 (PVv P)— P)— (P — (P
11 (P—>(P\/P))—>(P—>P)
12 P — P

One form of the classical ‘tertium non datur’

Theorem 0.3 (hilb3).

Proof.
1 P - P
2 -P Vv P

The standard form of the excluded middle:

<SP bd

P) - (P — P))

-P Vv P

add axiom axiom4

replace A by —A in 1

reverse abbreviation impl in 2 at oc-
curence 1

reverse abbreviation impl in 3 at oc-

curence 1

O

add axiom axiom?2
replace Q by P in 1
add axiom axiom1l
add sentence hilbl
replace A by B in 4
replace Q by C in 5
replace P by D in 6
replace B by P in 7
replace C by P in 8
replace D by PV P in 9
MP with 3, 10

MP with 2, 11

add sentence hilb2
use abbreviation impl in 1 at oc-

curence 1
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Theorem 0.4 (hilb4).

P Vv =P
Proof.
1 -P Vv P
2 (PVQ — (@QVP)
3 (PV A — (AV P)
4 (BV A — (AV B)
5 (BvVv P) - (PV B)
6 (=P Vv P) - (P V =P)
7 P v —P
Double negation is implicated:
Theorem 0.5 (hilb5).
P — —|—|P
Proof.
1 P Vv =P
2 =P VvV =P
The reverse is also true:
Theorem 0.6 (hilb6).
Proof.
3 (P = Q) — (Av P = (AVQ)
4 (P — Q) — (BV P — (BVAQ)
5 (P —-0C)— ((BV P — (BVC(O)
6 (O —-C) — (Bv D) — (BvVA(0)
7 (D —-C)—- (PVvD — (PVv(0)
8 (D - =—=P) - (P Vv D) — (P VvV —=—=P))
10 (P V =P) - (P V —-—P)
11 P Vv —-P
12 P vV ———P
13 (PVQ —(QVP)
14 (PV A — (AV P)
15 (BvVv A — (AV B)
16 (B V =——=P) — (——=P VvV B)
17 (P V -—=P) - (-—=P VvV P)

add sentence hilb3
add axiom axiom3
replace Q by A in 2
replace P by B in 3
replace A by P in 4
replace B by =P in 5

MP with 1, 6

add sentence hilb4
replace P by =P in 1
reverse abbreviation impl in 2 at oc-

curence 1

O

add sentence hilb5
replace P by =P in 1
add axiom axiom4
replace A by B in 3
replace Q by C in 4
replace P by D in 5
replace B by P in 6
replace C' by ==—P in 7
replace D by =P in 8
MP with 2, 9

add sentence hilb4

MP with 11, 10

add axiom axiom3
replace @ by A in 13
replace P by B in 14
replace A by =—==P in 15

replace B by P in 16
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18 -—=P Vv P
19 -—P — P

The correct reverse of an implication:

Theorem 0.7 (hilb7).

23

24
25

(P~ Q) — (Q — -P)
Proof.
1 P — =P
2 Q — Q
3 (P—>Q)—>((A\/P)—>(A\/Q))
4 P - Q) — (BVP) = (BVAQ)
5 (P —-C)— ((BV P — (BVC(O)
6 (D —-C) — (Bv D) —- (BVA()
8 (D = ==Q) — (=P V D) — (=P V ==Q))
9 (@ = ==Q) = (=P V Q) — (=P VvV ==Q))
10 (=P Vv — (=P VvV —=Q)
11 (PV Q) — (QV P
12 (PVv A — (AV P)
13 (BvVv A — (AV B)
14 (B V ﬁﬁQ) — (ﬁﬁQ V B)
15 (—\P vV —\—\Q) — (—\—|Q V —|P)
16 P =-Q — (A —-P) - (4—0Q)
17 P -Q — (B—P) — (B—Q)
18 P —-0C) - ((B—-P)— (B—C0C)
20 (D—>C)—>(((—\P\/Q)—>D)—>((ﬁP\/Q)—>C
21 (D - (4@ Vv —-P) — (P Vv @) — D)
(=P VvV Q) — (=Q V =P)))
22 (=P V ==Q) = (==Q V =P)) — (=P Vv Q) —
EﬁP vV =2Q)) = (=P V Q) — (==Q V =P)))
(
(
(

26 P - Q) — (-Q — —P)

Definition of an Implication 1. part:

Theorem 0.8 (defimpll).
(P

Proof.

n
e
< <
)
|
n
~
<
1
1
)
|
n
>
<
)

- Q) — (P Vv Q)

MP with 12, 17
reverse abbreviation impl in 18 at oc-

curence 1

O

add sentence hilb5
replace P by Q in 1
add axiom axiom4
replace A by B in 3
replace Q by C in 4
replace P by D in 5
replace B by =P in 6
replace C by =—=Q in 7
replace D by Q in 8
MP with 2, 9

add axiom axiom3
replace @ by A in 11
replace P by B in 12
replace A by =—Q in 13
replace B by =P in 14
add sentence hilbl
replace A by B in 16
replace Q by C in 17
replace P by D in 18
replace B by =P V Q in 19

replace € by ==Q V =P in 20

replace D by =P V —=Q in 21

MP with 15, 22

MP with 10, 23

reverse abbreviation impl in 24 at oc-
curence 1

reverse abbreviation impl in 25 at oc-

curence 1

O
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=W N =

Definition of an Implication 2. part:

Theorem 0.9 (defimpl2).

Proof.

1 P - P

2 A— A

3 (P — Q) — (P
1 FPVQ — (P

—
—

Q)
Q)

Definition of a Conjunction 1. part:

Theorem 0.10 (defandl).

Proof.

=W N =

=PV @) = (P —Q

(P AQ — ~(=PV -Q)

Definition of a Conjunction 2. part:

Theorem 0.11 (defand2).

Proof.

L
L

A
]
5 >

) —

—Q)

=W N =
<O~

(P AQ
—

P

(=P VvV =Q) — (P A Q)

)
A Q)

Definition of an Equivalence 1. part:

add sentence hilb2
replace P by A in 1

replace A by P — Q in 2

use abbreviation impl in 3 at oc-

curence 3

O

add sentence hilb2
replace P by A in 1

replace A by P — Q in 2

use abbreviation impl in 3 at oc-

curence 2

O

add sentence hilb2
replace P by A in 1

replace A by P A Q in 2

use abbreviation and in 3 at occurence

2

O

add sentence hilb2

replace P by A in 1

replace A by P A Q in 2

use abbreviation and in 3 at occurence

1

O
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Theorem 0.12 (defequil).

(P =@ — (P —=Q A(@—P)

Proof.

P - P

A — A

(P = Q) — (P < Q)

(Pe@ — (P —Q N(Q—P)

ISR R

Definition of an Equivalence 2. part:

Theorem 0.13 (defequi2).

(P = Q) AN (@ — P) = (P <Q

Proof.

1 P - P

2 A — A

3 (P = Q) — (P < Q)

4 (P = Q) AN(@Q — P)) = (P < Q)

A simular formulation for the second axiom:

Theorem 0.14 (hilb8).
P - (Q VvV P)

Proof.

1 P —- (PV Q)

2 (PVQ —(Q@VP)

3 P —-Q - (4 —-P —(4—-0Q)

4 (P = Q) — (B = P)— (B— Q)

5 (P —C) = (B—=P)—(B—C)

6 D —C) = (B =D — (B—=C)

7 D —C) = (P =D = (P—=0)

8 D —-(@vVP)—((P—-D —(P—(Q

9 (PVQ) = (QVP)—(P—(PVQ) —
(@ VvV P)))

10 P — (PVQ)—(P—=(QVP)

11 P — (Q v P)

A technical lemma (equal to the third axiom):

add sentence hilb2

replace P by A in 1

replace A by P« Q in 2

use abbreviation equi in 3 at oc-

curence 2

O

add sentence hilb2

replace P by A in 1

replace A by P« Q in 2

use abbreviation equi in 3 at oc-

curence 1

add axiom axiom2

add axiom axiom3

add sentence hilbl
replace A by B in 3
replace Q by C in 4
replace P by D in 5
replace B by P in 6
replace C by Q V P in 7

replace D by PV Q in 8

MP with 2, 9

MP with 1, 10
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Theorem 0.15 (hilb9).
PV — (QV P

Proof.

1 (P V@ —(@VP)

And another technical lemma (simular to the third axiom):

Theorem 0.16 (hilb10).
@V P) = (PVQ)

Proof.

1 PV Q) — (QVP)
2 (PVv A — (AvV P)
3 (BvVv A — (AV B)
4 (Bv P) — (PV B)
5 @QvP) - (PVQ

A technical lemma (equal to the first axiom):

Theorem 0.17 (hilb11).
(PV P) — P

Proof.

1 (PVv P — P

A simple propositon that follows directly from the second axiom:

Theorem 0.18 (hilb12).
P — (P vV P)

Proof.
1 P — (PV Q)
2 P — (PV P

This is a pre form for the associative law:

Theorem 0.19 (hilb13).

(PV(@QVA) = @V (PV

Proof.

1 P — (Q vV P)

add axiom axiom3

add axiom axiom3

replace Q by A in 1
replace P by B in 2
replace A by P in 3

replace B by Q in 4

add axiom axiom2

replace Q by P in 1

4))

add sentence hilb8


propaxiom_1.00.00_1.00.00.pdf#rule2
propaxiom_1.00.00_1.00.00.pdf#axiom3
propaxiom_1.00.00_1.00.00.pdf#rule2
propaxiom_1.00.00_1.00.00.pdf#axiom3
propaxiom_1.00.00_1.00.00.pdf#rule4
propaxiom_1.00.00_1.00.00.pdf#rule4
propaxiom_1.00.00_1.00.00.pdf#rule4
propaxiom_1.00.00_1.00.00.pdf#rule4
propaxiom_1.00.00_1.00.00.pdf#rule2
propaxiom_1.00.00_1.00.00.pdf#axiom1
propaxiom_1.00.00_1.00.00.pdf#rule2
propaxiom_1.00.00_1.00.00.pdf#axiom2
propaxiom_1.00.00_1.00.00.pdf#rule4
propaxiom_1.00.00_1.00.00.pdf#rule3

s q 2 = 1 >
< =} A > < < — —~
P P 2 ~ > > z : . <
: : T3 . v L N
- < - < > S ~ ~ < > A k=
z > . > o . > > > o 2 mw\m
N - - x 2223235 T S sz S ¢ 238> 7>
..... 58 Y 5 5 8 £ > & g > > 2 5 8 > 2 £ E o ~ > £ o8 > > I B [
v O oo = T T T o c Zmpooan s T Z 8 5 N oo & % Z o 0a > P
5 22 % ° 323 %35k 8% 2 s 8 B B B BGOSR 2z 7 o 2z 2 z S 2z 2 B > z >
¢ & @m0 5 T O A @OA ;8O0 Q h,meBCMWB 0 Q = [ 0 < o mg v &
§ ¢ 8 g s g g s g ey gy &8 5s 8 gEfey 8,8, 38 EFFof 58 8EEs %
T 3232 %% EEEGEEGELEEB 2 & T EEEEZ DG R & R TR EEOE g 2o
g 2 g & £ g2 g2 g o2 g =2 2 2 g Z & £ £ g2 2 & & 2 g g 8 P g 8 2 £ 2 g g 2 8 2 gz
_ > > >=11 1 > >> 11
== S ~ P SN R < A
< < - o (\AP\)»» - =X —— o=
> > > > >N =< < > > =
s A, o ol =2 = 8, = oS ==
= T €2 =28 - > S7ab
> > s = 5> A MvvaKVPv ~ PM)DDDMP TaT>
RO -8 &~ > > =R = = w ool o— vva
Sooou =2 © S &8 L7A><>< Tl 87eS
— > ~— ~ =
>>>>>17 > > T > > < HOVV/AWVOVV T o BBB\)» >S s >
~— oy > S/ = RIS
TRRISFG_S=2 o e > =285 = oo —oTST Z8sa%
trrrr>Stp T T 7T g B>Tac > S o011 Tag
a == = = ~~QC> T =R/ LA =, a2
PPPDD((\PD\I/P P ))))) => > P VA\_,A

= == o= >
vvvvvaH(VA ,VKAHPPCAAVHW.\ AVADVDVVV( HVHHHAP@
=mRaY__~a” 7> ' 777558 L CO>TaTtl Y S2csmgacsT oSos

NN = S~ La—= <_ <Ll ST = I

AUT< HHAA@HT\ (m,_\m/@m.wo(u\m.\mv HHC(vmuvvvv & > > | T os>20
> —_=

s>ss T >>q 0> 1011221 )\V)QP%V@Q@QHHV) QHHH HDC@@PQ

))))) e 0% S 0omncrooo0aSlco. T Tt 28535000 TS
BRLEOOLOO =L =TNEesRERIROT YIS -S> U, TRRSGTIO0000 o =0
R L e B B | T 1T >80 a0 1117011117 T axTa 1o
LOO AL AR VUAR TRAORR S LT T TALLASTRAALRRSSRERT

P N N S g Wl N P A S W R NS e e e P A NS g N g e e e e e e S S e e e S e e e ~— — ~—

~—

12
13
14
15
16
17
18
19
20
23
24
25
26
27
28
29
30
34
35
36
37
38

21
22
31
32
33


propaxiom_1.00.00_1.00.00.pdf#rule4
propaxiom_1.00.00_1.00.00.pdf#rule4
propaxiom_1.00.00_1.00.00.pdf#rule4
propaxiom_1.00.00_1.00.00.pdf#rule4
propaxiom_1.00.00_1.00.00.pdf#rule2
propaxiom_1.00.00_1.00.00.pdf#axiom4
propaxiom_1.00.00_1.00.00.pdf#rule4
propaxiom_1.00.00_1.00.00.pdf#rule4
propaxiom_1.00.00_1.00.00.pdf#rule4
propaxiom_1.00.00_1.00.00.pdf#rule4
propaxiom_1.00.00_1.00.00.pdf#rule4
propaxiom_1.00.00_1.00.00.pdf#rule4
propaxiom_1.00.00_1.00.00.pdf#rule1
propaxiom_1.00.00_1.00.00.pdf#rule4
propaxiom_1.00.00_1.00.00.pdf#rule4
propaxiom_1.00.00_1.00.00.pdf#rule4
propaxiom_1.00.00_1.00.00.pdf#rule1
propaxiom_1.00.00_1.00.00.pdf#rule3
propaxiom_1.00.00_1.00.00.pdf#rule4
propaxiom_1.00.00_1.00.00.pdf#rule4
propaxiom_1.00.00_1.00.00.pdf#rule4
propaxiom_1.00.00_1.00.00.pdf#rule4
propaxiom_1.00.00_1.00.00.pdf#rule3
propaxiom_1.00.00_1.00.00.pdf#rule3
propaxiom_1.00.00_1.00.00.pdf#rule4
propaxiom_1.00.00_1.00.00.pdf#rule4
propaxiom_1.00.00_1.00.00.pdf#rule4
propaxiom_1.00.00_1.00.00.pdf#rule1
propaxiom_1.00.00_1.00.00.pdf#rule4
propaxiom_1.00.00_1.00.00.pdf#rule4
propaxiom_1.00.00_1.00.00.pdf#rule4
propaxiom_1.00.00_1.00.00.pdf#rule4
propaxiom_1.00.00_1.00.00.pdf#rule3
propaxiom_1.00.00_1.00.00.pdf#rule4
propaxiom_1.00.00_1.00.00.pdf#rule4
propaxiom_1.00.00_1.00.00.pdf#rule4
propaxiom_1.00.00_1.00.00.pdf#rule4
propaxiom_1.00.00_1.00.00.pdf#rule4

in 54
9

38
in 37
in 46

in 9

Dby ~(P V (Q V A)) Vv

ce Dby =(P V (Q VvV A)) V
CbyQ V (P Vv A)inb

wce Bby (Q V (P V A) vV P
ace C by P V (Q V A)in 44
- C by Q V (P Vv A)

£ 9 % g 8 g
g & ¢ 8 g

replace C by (P VvV (Q V A)) —

(P VvV (Q V (P V A)))in
MP with 32, 40
(Q v (P v A) Vv P)
(Q v (P v A)) V P)
MP with 45, 47
MP with 41, 48

h 17, 49
eplace P by P V A in 1
replace D by PV A in 55
MP with 51, 56
MP with 53, 57
replace B by Q V (P V A)
replace
replace D by P in 60
MP with 58, 61

MP with 28, 39
MP with 17

P

1c

>

p

3

pl

repla

replace

P

I
pla
F
pl

g2 82 E ¢ 8 & & =

rTr1r1ro 111 L L O A | T =
SS252 222 2 D @ 222 £EEs2 222 2 S
SRS ANES AT > - VAA\))VPAPM“/DMAJPM)@ yo> s > &
>7 > >R > L > >R = )m»vmm)vvvvmvvvmvmm & I = = & W
I T S>TARTSSZATA AT s s =5 1 o 1 > > T
>>>_>9>>9>9 ) v@@v@@vvvvv@vvv@v@@ H A A 1 S2o=T
RS>0 1 25525 -%a%20s0a0sos ] BT s > 2E2Es
= S = L= ~ >4
VVVVVmu\VVV@\Vmu\ m V@\WV@\W.\VVVVVW.\VVVW.\V((\) T2 S < WPMP/V\
aotaarasara > J 2>7ai>8edosaracaa>2T 5 1 > TiTo
ST, T, 8.7 88, T2 =0T, T2 T 22 RS >2=a, & 7%
ST 151> 15,5700 =215 T>1=1> 151 =20 T oaZTol 2%Ee

~ > > ' > 11 = 1 - T 2T 3> I°%
B e e N Y e e > szl _ocoaslazat T s >> 1 Do >~ s 7R
e e ReASHY ADQA@DvaAADAAAD)D)Q SE25027S asass
>>> 5 o> >s o0 >N T> = >>L T s> T ToTo9 ST TA =<4
>> 11> o> > T 1>>21 >>>><

>
@@@@@@@@@@QQ))Q”QV S "2 ,8Co ol 2> T>> &>

> s oS RRSE S =S, 7T TS CoqaabTa gl oloSR Sty
a8 Q. > >z > > >1 T > 7 > VVVVV AHVVHH T>1>1>>
TEELa Rt Bano Sy S Falba a0 [ A [P
S AR A A AR S e s R e A e A e e L S W N A T S S A
() o — AN <A 0 NeJ D~ o0 D O = N MM <H O Ne} D~ 00 O o — (o]
™ <f <H i < < < <f <f <f <t [ InN IO NS In N Ia NS Il Ie) O [ I ER Il Ie) Nej Ne) Nej


propaxiom_1.00.00_1.00.00.pdf#rule4
propaxiom_1.00.00_1.00.00.pdf#rule1
propaxiom_1.00.00_1.00.00.pdf#rule1
propaxiom_1.00.00_1.00.00.pdf#rule4
propaxiom_1.00.00_1.00.00.pdf#rule4
propaxiom_1.00.00_1.00.00.pdf#rule4
propaxiom_1.00.00_1.00.00.pdf#rule4
propaxiom_1.00.00_1.00.00.pdf#rule4
propaxiom_1.00.00_1.00.00.pdf#rule4
propaxiom_1.00.00_1.00.00.pdf#rule1
propaxiom_1.00.00_1.00.00.pdf#rule1
propaxiom_1.00.00_1.00.00.pdf#rule1
propaxiom_1.00.00_1.00.00.pdf#rule4
propaxiom_1.00.00_1.00.00.pdf#rule2
propaxiom_1.00.00_1.00.00.pdf#axiom2
propaxiom_1.00.00_1.00.00.pdf#rule4
propaxiom_1.00.00_1.00.00.pdf#rule4
propaxiom_1.00.00_1.00.00.pdf#rule4
propaxiom_1.00.00_1.00.00.pdf#rule4
propaxiom_1.00.00_1.00.00.pdf#rule1
propaxiom_1.00.00_1.00.00.pdf#rule1
propaxiom_1.00.00_1.00.00.pdf#rule4
propaxiom_1.00.00_1.00.00.pdf#rule4
propaxiom_1.00.00_1.00.00.pdf#rule4
propaxiom_1.00.00_1.00.00.pdf#rule1

10

—
—

in 64

e hilb11
BbyQ v (P VvV A)

Cby (Q V (P V A) VvV P
C by ~((Q vV (P VvV A) Vv
BbyQ v (P V A)in 43

in 30

ace Bby =((Q V (P V A)) V P)
place C by Q V (P VvV A) in 66
Dby (Q V (P V A)V (QV
Bby (Q V(P V A) VvV (Q V
replace B by ((Q V (P V A)) V P)
(Q v (P v A) vV (QV (PV A)))
replace D by =((Q V (P V A)) V P) v
(R v (P Vv A)) v (QV (PV A))
replace C by (Q VvV (P vV A)) Vv P
place C by ((Q V (P V A)) V P)

P) V (Q V (P V A))in 72

(P Vv A)) in 67

MP with 65, 68

MP with 69, 74

MP with 71, 7

(Q vV (P v A))in 72

(P v A))
0

replace
replace
replace
replace

T a2 &’
T o o o g o
s & & & & &

in 36
1

in 73
pl
in 77
1

=1 >~1>=2>= >> >> 1>1> >1>>1> >>1> >= 1 1>1>
A — —~ —~ oy —~

T EZo83%T_ ot 200 % 208 % o9& 8 T2 o &
PD >_m>>>>= o> VVHMVPV >T>>0> >>0> >2 3 MVPV
=> 2.2>8%aQ%rT ~o oo_.~"0C S -0~ ~0o~0 SA7 . _="o
> . <=k T S 2SS TSR EaT SSoT S=oT A>3
3 —Z>z>" 3 - S0 24 r roz> S8 ST
e > s 5~ DQPAVV HVA(V N »vav( > > s — »Qv@ > |
Hv BooTES==>, ~Z>>a > AQ@\M/@\H Lo T A(viv@\v
= > VVVVVP(\V P“P/O.w A~ > > —~ (\V —~ > > m...\Q Pm
m.A QVHP\/P\) > > — > —x PVV > = > > = L ~1To —_ > 2

>0, 0L S0 >8= M@@Pﬂ@vm@v SE>RTLE>247528 0T e’ 2

S ADVH@ PHVW W@A(Dﬁwq@Aawe@A(@amﬂ =
> sR’RT 2SR, >>_Tg ~>>1>2. ~=q

QPmV V»QPPV”QP) MVP@ To&

Flis>s o> 2>~

PBMHVWVMV@M@VVMH@ WVVVHMQVQVQWM@VH@A@A@(VAVVHA

S vHVQW@\)}vv@\H@\)vvvp)vvvvﬁQ(PQmu»vH

))Pcv@bpvQWH(K(D@CQ«th@HvﬁvDQPP DQPH@H(V(KvMPP

—~

> >
>>>101122 0o T177.>1>112>>>8 <o >>>5.>>>2 "o  10>>>
AR ER TR ST LT O TSR SRS R SR IS TSRS ES SRS IS ST I ISR EA S
N o O I~ 0 D o i o ™ <t [ie} Ne} D~ o0 D
O © © © Ne} Nej Ne ~ ~ ~ D~ r~ r~ r~ D~ b~ D~


propaxiom_1.00.00_1.00.00.pdf#rule3
propaxiom_1.00.00_1.00.00.pdf#rule4
propaxiom_1.00.00_1.00.00.pdf#rule4
propaxiom_1.00.00_1.00.00.pdf#rule4
propaxiom_1.00.00_1.00.00.pdf#rule4
propaxiom_1.00.00_1.00.00.pdf#rule4
propaxiom_1.00.00_1.00.00.pdf#rule1
propaxiom_1.00.00_1.00.00.pdf#rule4
propaxiom_1.00.00_1.00.00.pdf#rule4
propaxiom_1.00.00_1.00.00.pdf#rule4
propaxiom_1.00.00_1.00.00.pdf#rule4
propaxiom_1.00.00_1.00.00.pdf#rule4
propaxiom_1.00.00_1.00.00.pdf#rule1
propaxiom_1.00.00_1.00.00.pdf#rule1
propaxiom_1.00.00_1.00.00.pdf#rule4
propaxiom_1.00.00_1.00.00.pdf#rule4
propaxiom_1.00.00_1.00.00.pdf#rule4

11

ce Dby =((Q vV (P V A)) Vv
P) VvV (Q V (P Vv A))in 79

MP with 78, 80
MP with 76, 81

>
> >=>qn >

Lo~
ST>SgT>TIoTS
S
;

S5

~—

Z>>0>">0> >

oo atasa Ta

— > —~
m ~—

Pvmvmvﬂ/vmv
>28-8>8>2>

vmem/ﬁmwﬁm/ﬂmmﬁm/%

MP with 62, 82

in 36

ce Bby P V (Q V A)

repla

>
&5

N N T s g

AN T R &

~—

>
ADV(VW\V(VPPWVP

< 2> o~~~
> 2>
ol ToS

va«v/QMVH\\v/QMMQ

— r =T =

> =

>

80
81
82

S>> 11100

—~

ce Cby @ V (P V A)in 84

replace D by (Q V (P VvV A)) vV P

MP with 83, 86

pl
in 85

R T
. > >
A <

— — — N S~

MP with 50, 87

D1 3izz3lT
~SoaiSioa’
S N
>1 11> >> >

— N

86
87

88

The associative law for the disjunction (first direction):

Theorem 0.20 (hilb14).

(P Vv (Q@VA) = (PVQ VA

Proof.

PR
D e s = 6t ow o OF SR T
2 2 5 2 5 T E & E &8 > > £ £ E & 3 &
Z a0 < O S n 0 A A < @ o 2 %m0 Zon
- N S L T
g & & & &2 T 5 & 5 2 2 2 s 2oL 2 A g A
S o a0 i ¢ o a0 AQ - S o a3 o<«
5 8 398 8 % g oy o3 o8 ogog £ 8 g & 9 8
g & & & ® & & & & & & B o w g g o g
T ETEEIEEEGEGECE 83T %R TG
8 H  H H o= ® B m A o= =R A &8 & = o= 0 0® @ =

\'/\ﬂ

—

))

Qm/

>

>

<

s

<&
>~ e~
N~ N
»»»\/\)mu\v o
S P

>>>>> 1=
mA —~ > <
38887 2 =2
(I I R T

—~

e A ARRAz L OOR A

@@@MM«««««@H%M(((GKK
eeﬁﬁeeaﬁaav\n/vvﬂ\ﬁaaﬁa
55eTsoC000I g oSORAGT
S>>>> T 1111125512171 711

Lavoonaanaalalaa Taoan

R N A e e WA ' e N P A S W e e e

— AN <0 OO~ AN
—

13
14
15
16
17
18
19


propaxiom_1.00.00_1.00.00.pdf#rule4
propaxiom_1.00.00_1.00.00.pdf#rule1
propaxiom_1.00.00_1.00.00.pdf#rule1
propaxiom_1.00.00_1.00.00.pdf#rule1
propaxiom_1.00.00_1.00.00.pdf#rule4
propaxiom_1.00.00_1.00.00.pdf#rule4
propaxiom_1.00.00_1.00.00.pdf#rule4
propaxiom_1.00.00_1.00.00.pdf#rule1
propaxiom_1.00.00_1.00.00.pdf#rule1
propaxiom_1.00.00_1.00.00.pdf#rule3
propaxiom_1.00.00_1.00.00.pdf#rule4
propaxiom_1.00.00_1.00.00.pdf#rule4
propaxiom_1.00.00_1.00.00.pdf#rule4
propaxiom_1.00.00_1.00.00.pdf#rule4
propaxiom_1.00.00_1.00.00.pdf#rule2
propaxiom_1.00.00_1.00.00.pdf#axiom4
propaxiom_1.00.00_1.00.00.pdf#rule4
propaxiom_1.00.00_1.00.00.pdf#rule4
propaxiom_1.00.00_1.00.00.pdf#rule4
propaxiom_1.00.00_1.00.00.pdf#rule4
propaxiom_1.00.00_1.00.00.pdf#rule4
propaxiom_1.00.00_1.00.00.pdf#rule4
propaxiom_1.00.00_1.00.00.pdf#rule1
propaxiom_1.00.00_1.00.00.pdf#rule3
propaxiom_1.00.00_1.00.00.pdf#rule3
propaxiom_1.00.00_1.00.00.pdf#rule4
propaxiom_1.00.00_1.00.00.pdf#rule4
propaxiom_1.00.00_1.00.00.pdf#rule3
propaxiom_1.00.00_1.00.00.pdf#rule4

12

9

in 31
in 49

(Q vV A)in 21
in 21
in 45

33

Bby AV (P V Q)in 17
Cby ~(P V (Q V A) V
Dby =(P V (Q V A)) Vv
Bby (P V Q) V Ain 23
Cby PV (Q V A

B by P V Qin 3
ce Cby (P V Q) V Ain 38

ce Cby AV (P V Q)
ce Bby (P V (Q V A) —

ce Bby P V

< a a s & &

place D by P v (A V Q) in 32
replace B by =(P VvV (Q VvV A)) in
place D by A Vv (P VvV Q) in 39
replace C by P V (Q VvV A) in 42

(P vV Q) VvV A)in 44

replace C by A in 36

MP with 13, 34
MP with 37, 40
(A Vv (P Vv Q)
(A Vv (P Vv Q)

MP with 41, 46
MP with 43, 47

MP with 30,

1

pl

repla.

1
replace
replace
replace
replace
replace

replace

a, [P o
¢ g g g 2 g g g 9

> 1 12 > 1 >=2> > 1=11> >1>1 >12>
S z 562 S 5 T2 3% =% st 2T S
> AvnvAva Lz M,\V)v z > SHESIRR H\Avnvmuw H\Avn\v/v vAvn
= - gre 1z 35% 2% J5>T% 1932 193} SC
> > — — — =T o2~ TSR _ T~ >
== T2 asg S > 3Ty 2y >>057 2217337 (s
SO 8 o2S1° > QFZ=>_ I osa>l_ YES2Z%as =S
%B ABBMWQQH VWHMH vam MVHAQ MQ 1>%5. @ PHW(VPHAQ QH
= > > > > > = > D > . <C > N —_ > —
ﬂﬁ LAARAQA T W@@WW LSS WQMQM hm @ﬂvvp vDHHQvDQM @M
((((((( V(\ ~— Q V\./(\( NI > —~ ~ — —_ > X — P
\)\D)\)\}VVVVVVVM, HVW._\VUA\ >~ 7T 137> HV Q\\HAMA\VDM“\AW.\APM“\QVV \WQ
MERARgo0LLE S 23T > <S> D«v@MMMMM(AvHMMvWﬁv«Hv@MMMV
T T oIS TR TR0 9T0 =Se> o708
amao | 11T TTa S99 T 111 >2T 1 2>>15882 1> 1720 1> 73
[ 1 SREARSSS, ST aRS0S00 10T aR  I TS s > T I TEER L s I8N LST
T S5>5>>>5>5 1 2>>Q0T 00 > 007> 126> =S 5057 05>
C08B00u0u=<003222 300 oo 22 8300~ _2 2a 1 -5 2805
NN R Sy RS S I e St e
o> >>> 1 >>>>>>> 1>l >59 7 = & )m\vvava TN
AT TaAR080080850 0T 0S8CRTISTS0ETRR S Lex5TSex23ITE
O = AN M Ft 1O O b~ 00 O O [N ™ <t O © D~ o0 (=) (a=) — [a\ ap) <t 0 Ne) r~ [e0) S O
A AN AN AN AN AN ANANANANMm”™ [ap) (ap) ™ M M N M o < <t <H <# <t <t <t <t < <t 0


propaxiom_1.00.00_1.00.00.pdf#rule4
propaxiom_1.00.00_1.00.00.pdf#rule4
propaxiom_1.00.00_1.00.00.pdf#rule4
propaxiom_1.00.00_1.00.00.pdf#rule4
propaxiom_1.00.00_1.00.00.pdf#rule3
propaxiom_1.00.00_1.00.00.pdf#rule4
propaxiom_1.00.00_1.00.00.pdf#rule4
propaxiom_1.00.00_1.00.00.pdf#rule4
propaxiom_1.00.00_1.00.00.pdf#rule4
propaxiom_1.00.00_1.00.00.pdf#rule4
propaxiom_1.00.00_1.00.00.pdf#rule4
propaxiom_1.00.00_1.00.00.pdf#rule4
propaxiom_1.00.00_1.00.00.pdf#rule4
propaxiom_1.00.00_1.00.00.pdf#rule4
propaxiom_1.00.00_1.00.00.pdf#rule1
propaxiom_1.00.00_1.00.00.pdf#rule1
propaxiom_1.00.00_1.00.00.pdf#rule4
propaxiom_1.00.00_1.00.00.pdf#rule4
propaxiom_1.00.00_1.00.00.pdf#rule4
propaxiom_1.00.00_1.00.00.pdf#rule4
propaxiom_1.00.00_1.00.00.pdf#rule4
propaxiom_1.00.00_1.00.00.pdf#rule1
propaxiom_1.00.00_1.00.00.pdf#rule4
propaxiom_1.00.00_1.00.00.pdf#rule4
propaxiom_1.00.00_1.00.00.pdf#rule4
propaxiom_1.00.00_1.00.00.pdf#rule4
propaxiom_1.00.00_1.00.00.pdf#rule4
propaxiom_1.00.00_1.00.00.pdf#rule1
propaxiom_1.00.00_1.00.00.pdf#rule1
propaxiom_1.00.00_1.00.00.pdf#rule4
propaxiom_1.00.00_1.00.00.pdf#rule4

13

1 > 0O .
~ 2 52 3 £
< 5 E <
> m ° <7 : .
Q ~ P > —~
o > ¢ I I A Nnmmw
. = &2 I 25 & 22 228 8> £ Evozozo> 7 T g 5 £ 2 <5
MM PM a 2 3 ZmoQ o< 2o o< S EEnn e 2 E m v oA & 7
S LG N SEErEIiiEIEIIiEEIE 2oiiiiog
EO RO T SRR EEERREEEEREE SR NNERE RN NN
(A B S N oz - 1!
e S AT - e SES
e N A e T > >
>12 & 58 1o=2 . - [ =
SZa 1724 =% S ~ 1
ST >a FITL SR ol 2222 &2
VV . MD.,.\H(\ S R T T —— ~ ~ \OlWQCC\) <
o1 =& o >=y g - SR ERAAR e >3 > o8z
“@\\) > ==~ = __ =] >>>> > > <t > > > MA\V
= T2 &1zxn > s > . > > +> Sonasgs =g
558135 D235 s [ 5 555008 es g I%ENE =S
=i =S AA@M > = >>>>> > -2 ﬂ,mmav»@ﬁaqé) HQ
A H(v\ Wm“/mw\ TIT oy 32 y L8AR38=<s o0 'L TFrgga© =
> M‘lu\ VV(ﬂ\M‘l“\ ﬁ@WA = m = @ T QBB(\(V \_, H \—» »_fmll/(v H - vvvv N r
e I S | w ﬁHHHHHHVVVHeP QBBVAMA/ ABBBMA\ >
==lzgorlzs o = N AN s
vaAvv)ﬁAv«DDAm/ & = ABBBPPP(((CA 1 A >
< == o< =Y HHVVH HQHVVQVﬁHHHH >
PviQPviQvavv . >>>>>>> 1 = = - o
KvQ@W(mQ@(MmQ@Q - COLLLICALCRAIOIRARIA T 230000 T
Ta>>a T2>>7 o3>0 < N T B R L T I N
ST >8> SR~ SIS S =
QSR I Dbttt 5 g LAEARRRTCRA A TARDD S TARARRARE
(((((((((((((( a
I
Qo
) % IOJ — AN O O~ OO AN M H IO O I~-~00 D SO = AN M <t 0o e}
m m % M % = m Dm — = o o~ AN AN NN NN a
=


propaxiom_1.00.00_1.00.00.pdf#rule4
propaxiom_1.00.00_1.00.00.pdf#rule4
propaxiom_1.00.00_1.00.00.pdf#rule1
propaxiom_1.00.00_1.00.00.pdf#rule1
propaxiom_1.00.00_1.00.00.pdf#rule1
propaxiom_1.00.00_1.00.00.pdf#rule3
propaxiom_1.00.00_1.00.00.pdf#rule4
propaxiom_1.00.00_1.00.00.pdf#rule4
propaxiom_1.00.00_1.00.00.pdf#rule4
propaxiom_1.00.00_1.00.00.pdf#rule4
propaxiom_1.00.00_1.00.00.pdf#rule4
propaxiom_1.00.00_1.00.00.pdf#rule4
propaxiom_1.00.00_1.00.00.pdf#rule3
propaxiom_1.00.00_1.00.00.pdf#rule4
propaxiom_1.00.00_1.00.00.pdf#rule4
propaxiom_1.00.00_1.00.00.pdf#rule4
propaxiom_1.00.00_1.00.00.pdf#rule4
propaxiom_1.00.00_1.00.00.pdf#rule3
propaxiom_1.00.00_1.00.00.pdf#rule3
propaxiom_1.00.00_1.00.00.pdf#rule3
propaxiom_1.00.00_1.00.00.pdf#rule4
propaxiom_1.00.00_1.00.00.pdf#rule4
propaxiom_1.00.00_1.00.00.pdf#rule4
propaxiom_1.00.00_1.00.00.pdf#rule4
propaxiom_1.00.00_1.00.00.pdf#rule1
propaxiom_1.00.00_1.00.00.pdf#rule2
propaxiom_1.00.00_1.00.00.pdf#axiom4
propaxiom_1.00.00_1.00.00.pdf#rule4
propaxiom_1.00.00_1.00.00.pdf#rule4
propaxiom_1.00.00_1.00.00.pdf#rule4
propaxiom_1.00.00_1.00.00.pdf#rule4
propaxiom_1.00.00_1.00.00.pdf#rule4

14

in 31

in 37

C by -((Q v P) Vv A) Vv
Bby (A V Q) V Pin5l

ce Dby =(A V (Q V P))in 26
Bby (A V Q) V Pin 31

ace C by (A V Q) V P in 32
ce Bby ((AV Q) V P)V =(AV
Cby -((Q V P) vV A) Vv
n 38
eDby (AVQ)V P)V -((QV
ce Bby (A V (Q V P)) V
e Dby (AV Q) V P)V —(AV
13
0

ace B by =((Q V P) vV A)
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in 37

B by (A Vv (Q vV P)) —
54
D by =(A V (Q VvV P)) VvV
C by (Q V P) V Ain61
in 54
Bby AV (P V Q)

C by Q@ V P in 68

B by A in

n 37
ce C by =((Q V P) VvV A) Vv
P by C in 59

ce Cby A V (Q V P)in 52
replace B by (A V Q) V P in 60

e C by ((Q Vv P) v A)

ce D by =((Q VvV P) v A) VvV

ce Dby P V Q in 69

replace C by (Q V P) V A in 74
replace Dby A V (Q V P)in 75

replace Q by B in 14
eplace B by Q V P in 31
replace C by A in 72

repla
replace
((A vV Q) V P)in 3
repla.
((A VvV Q) Vv P)in
replace
((A vV Q) Vv P)in55
MP with 49, 56
MP with 53, 57

pl
replace

pl
replac
(A v Q) v P
repla
((A VvV Q) V P)in63
MP with 62, 64
MP with 58, 65
MP with 7, 66
replace
replace
repla
MP with 29, 70

pl

pl
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n 25

Bby (P V Q) V Ain 37

Bby ~((P V Q) V A)in 31

Cby -(P VvV Q) VvV A) Vv

Bby -((Q V P) Vv A) Vv

Cby -(P VvV Q) VvV A) V
100

Bby (Q V P) V Ain 17

in 95

in 37
ce C by =((Q Vv P) VvV A)in 43

ce Cby (A V Q) V Pin 92

ce Cby (P V Q) V Ain 86
wce C by =((P vV Q) vV A)i

sce B by A in 31
replace D by =((Q V P) V A) in 89

replace Bby ((AV Q) V P) V =((Q V
replace D by ((AV Q) V P) V =((P Vv

replace C by (Q V P) V A in 81
replace D by A vV (P V Q) in 82

replace C by PV Q in 79

MP with 73, 76

MP with 80, 84

MP with 85, 87

MP with 88, 90

((A vV Q) v P)in 94
((A vV Q) Vv P)in 37
((A VvV Q) Vv P)in

MP with 71, 77
MP with 78, 83
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52
in 24

B by ((Q vV P) v A)
n 37

C by ~(P VvV Q) VvV A) Vv

C by (P V Q) VvV A)

Dby =((P vV Q) VvV A) V

ce Dby ((AV Q) V P)V —-((Q Vv
Cby (Q V P) V Ain

ce Dby =((Q V P) v A) Vv
n 107
Bby ~((P vV Q) V A)

replace C by (P V Q) V A in 61
replace C by P vV (A V Q) in 119
Dby (A V Q) V Pin 120

eplace B by P in 31
replace C by A V Q in 117

((AV Q) Vv P)i

((A vV Q) VvV P)in 106
(A Vv Q) Vv P)i

MP with 104, 108

MP with 105, 109

((A vV Q) VvV P)in 106
((A vV Q) VvV P)in 112
MP with 111, 113

MP with 110, 114

MP with 67, 115

MP with 98, 102
MP with 99, 103

replace
replace
replace
pl
replace
pl
pl
replace
1
pl

repla
repla
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in 60
119
51

Chby (P V Q) V Ain 52
Cby =(P V Q) VvV A) Vv
Dby ~((P vV Q) VvV A) Vv
12
wce Bby PV (A V Q)
Cby (P vV Q) VvV A)
Dby ~((P V Q) V A) Vv
131
wce C by @ V A in 138
Dby PV (A V Q)in 142
Bby PV (A V Q)in
Cby (P V Q) V Ain 145

th 116, 134
with 137, 140

X 92 9 9o 9o o

replace B by (P V Q) Vv A)
replace C by (P V Q) V A in 129

MP with 122, 126
MP with 123, 127
(P V (A Vv Q))in 124
(P V (A VvV Q) in
MP with 130, 132
MP with 128, 133
place C by A in 136
place D by A V Q in 139
replace C by P vV (Q V A) in
MP with 141, 143

(P Vv (A V Q))in 124
((A vV Q) VvV P)in 125

MP with 118, 121
((A vV Q) v P)in 37

2

replace

pl
replace
replace
reple

pl
replace
replace
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replace
replace
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10 (P — (Q — A)) — (Q — (ﬁP V A)) reverse abbreviation impl in 9 at oc-
curence 1
11 (P — (Q — A)) — (Q — (P — A)) reverse abbreviation impl in 10 at oc-
curence 1
O
An analogus form for hilb16:
Theorem 0.23 (hilb17).
@~ (P~ 4) » (P~ @~ )
Proof.
1 (P - (Q — A) - (@ — (P — A)) add sentence hilb16
2 (P - (@ - B) - (Q - (P — B)) replace A by B in 1
3 (P — (C — B)) — (C — (P — B)) replace Q by C in 2
4 (D — (C — B)) — (C — (D — B)) replace P by D in 3
5 (D — (C — A)) — (C — (D — A)) replace B by A in 4
6 (D - (P - A) - (P - (D — A)) replace C by P in 5
7 Q@ — (P — A) - (P — (Q — A) replace D by @ in 6
O

1 Cross Reference

This module is used by the following modules:

Name: prophilbert2

Version: 1.00.00

Rule version: 1.00.00

Orgin: prophilbert2_1.00.00_1.00.00.qgedeq

pdf: prophilbert2_1.00.00_1.00.00.pdf
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