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Abstract

This module includes first proofs of predicate calculus theorems.
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Content
A simple implication:

Theorem 0.1 (predtheol).
Ve R(x) — 3JxR(x)

Proof.
1 YV R(.’E) - R(y) add axiom axiom5
2 R(y) — dz R(iL‘) 1d axiom axiom6
3 (P—-Q) — (A - P) — (A - Q) add sentence hilb1
4 (B — Q) — ((A — B) — (A - Q)) replace P by B in 3
5 (B — C) — ((A b B) — (A — C)) replace Q by C in 4
6 (B — C) — ((D — B) — (D — C)) replace A by D in 5
7 (R(y) — C) — ((D — R(y)) — (D — )) replace B by R(y) in 6
8 (R(y) — dz (:1?)) — ((D — R(y ) — (D — replace C by 3z R(x) in 7
dz R(x)))
9 (Rly) — 3FzRx) — (VzR(x) — Ry) -— replace D by Va R(z) in 8
(Vz R(z) — 3z R(x)))
10 (Vz R(z) — R(y)) — (VzR(x) — JzR(x)) MP with 2, 9
11 V(E R(.’E) — HSL' R(x) MP with 1, 10
O
A well known implication:
Theorem 0.2 (predtheo2).
Jx R(x) — —Vz-R(x)
Proof.
1 YV R(JZ) — R(y) add axiom axiom5
2 Vo —\R(l‘) — —|R(y) replace R(@S1) by ~R(@Sq) in 1
3 —-Vz —|R((E) V —\R(y) use abbreviation impl in 2 at oc-
curence 1
4 (P V Q) — (Q \Y P) add axiom axiom3
5 (_\Vl‘ ﬂR(m) \Y Q) — (Q vV —Vz _\R(.’L‘)) replace P by =Vz —R(x) in 4
6 (=Vz-R(x) V =R(y)) — (-R(y) V —Vz—-R(z)) replace @ by ~R(y) in 5
7 —|R(y) vV —|V£17 —\R(l’) MP with 3, 6
8 R(y) — —Vx —‘R(CL') reverse abbreviation impl in 7 at oc-
curence 1
9 Hy R(y) — —Vx _\R($> Particularize by y in 8
10 do R(JZ) — =V —\R(.T) rename y into x in 9 at occurence 1
O

The reverse is also true:

Theorem 0.3 (predtheo3).
Ve -R(z) — JxR(x)

Proof.
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(=32 R(x) — B) — (-B — —-—3JzR(z))

(m3x R(z) — Yy-R(y)) — (Vy-R(y) — —~3z R(z))
-Vy-R(y) — ——3Jz R(z)

-—P — P

—-—Jx R(z) — 3z R(x)

—-—3Jz R(z)) — (—-—Vy-R(y) V Jz R(z)))

(m=Vy-=R(y) V ==3z R(z)) — (-~Vy-R(y) V Iz R(z))
(A - Q) — (mAV Q)

(A—)B)—)(ﬁA\/B)

(-Vy—-R(y) — B) — (=~Vy-R(y) vV B)

(-Vy-R(y) — ——JzR(x)) — (VYR V

——3Jz R(x))

P—-Q — (A—-P — (A—-Q)

(B—-Q) — (A— B) = (4—-0Q)

(B—=C) — (A— B) = (A—=20)
(B—-C) — (D — B) = (D—0)
(—Vy-R(y) Vv ——JzR(@x) — C) — (D —

<

(

(~=Vy-R(y) V ~—3zR(z))) — (D — O))
( — (=YY -R(y)
3z R(z))) — (D — (-=Vy-R(y) vV —-—=3zR(z))) —
(D — (==VYy—-R(y) vV FzR(x))))
(==Vy-R(y) Vv -—3zR(x))

—  (==Vy-R(y)
Jz R(z))) — ((-Vy-R(y) — —-—FzR(x)) —
(==Vy-R(y) VvV —-—JzR(z)) — (-Vy-R(y —
-—3z R(z)) — (-—=Vy—-R(y) V Jz R(x))))
(=Yy-R(y) — -—=3FzR(@) — (Vy-Ry) V
-—Jz R(x))) — ((-Vy-R(y) — -—-3zR(x)) —

)
(==Vy—R(y) V Fz R(xr)))

(

( ) = (A = Q)

(—\A \ B) — (A — B)

( ( B) — (=Vy=R(y) — B)

( ( JzR(z)) — (~Vy-R(y) — JzR(z))

add axiom axiom6

add sentence hilb7

replace P by A in 2
replace @ by B in 3
replace A by R(y) in 4
replace B by Jx R(x) in 5
MP with 1, 6

Generalize by y in 7
replace A by =3z R(x) in 4
replace B by Yy ~R(y) in 9
MP with 8, 10

add sentence hilb6

replace P by @ in 12
replace @ by 3z R(x) in 13
add sentence defimpll

add sentence defimpl2

add axiom axiom4

replace P by B in 17
replace Q by C in 18
replace A by D in 19
replace B by ——3z R(x) in 20

replace C by 3z R(x) in 21

replace D by =—Vy —R(y) in 22

MP with 14, 23

replace P by A in 15

replace Q by B in 25

replace A by =Vy = R(y) in 26

replace B by —=3z R(x) in 27

add sentence hilbl

replace P by B in 29

replace Q by C in 30

replace A by D in 31

replace B by —=Vy -R(y) v
——3z R(z) in 32

replace C by =—Vy ~R(y) Vv 3z R(x)

in 33

replace D by =Vy-R(y) -

——3z R(z) in 34

MP with 24, 35

MP with 28, 36

replace P by A in 16

replace Q by B in 38

replace A by =Vy = R(y) in 39

replace B by 3 R(z) in 40
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43

44

45

46
47
48

((ﬁﬁVyﬁR() vV Jz R(z )) — C) — ((D —
E ~Vy-R(y) vV JzR(z)) — (D — O))

(—=Vy-R(y) VvV JzR(x)) — (=Vy-Rly) —

Jz R( ) — (D — (==Vy-R(y) vV 3zR(z)) —

(D — (=Yy—R(y) — 3z R(x))))

(-=Vy-R(y) Vv FzR() — (Vy-Ry —

JzR(x))) — ((Yy-R(y) — —-—FzR(z)) —
) = ((=Yy-R(y) —

(—=Vy-R(y) Vv 3FzR())
-~z R(z)) — (=Vy-R(y) — FzR(z))))

(=Vy-R(y) — -—3dzR(z)) — (Vy-R(y) V
JzR(z))) — ((-Vy—-R(y) — —-=3zR(z) —
(~Vy-R(y) — JzR(z)))

(=Vy-R(y) — -3z R(z)) — (-Vy—-R(y) — Tz R(z))
-V =R(z) — Iz R(z)

Exchange of universal quantors:

Theorem 0.4 (predtheo4).

Proof.

= O © 00 O Ut ix Wi -

—_

13
14

15
16
17

18
19
20
21
22
23

24

Ve Vy R(z,y) — VyVx R(x,y)

Vo R(x) — R(y)

Va R(z) — R(w)
Vr R(r) — R(w)

Vr R(r) — R(u)

Vy R(y) — R(u)

Yy R(z,y) — R(z,u)
Va R(z) — R(r)

Vs R(s) — R(r)

Vs R(s) — R(z)

Yo R(v) — R(z)
YoVYw R(v,w) — Yw R(z,w)

VeVd R(e,d) — Yw R(z,w)

VCVdR( ,d) — Vl‘14 R(Z 1‘14)

VaVd R(xz,d) — Vx4 R(z,214)

VaVy R(z,y) — Va4 R(z,214)

Ve Vy R(z,y) — Yy R(z,y)

(P—=@Q) — (A—-P) — (A—Q)

C —=Q) — (A—-0C) = (A—- Q)

(C = D)= ((A—C — (A— D)

(C = D) = ((Pr = C) = (P — D))

(VyR(z,y) — D) — (Pr — YyR(z,y)) — (Pr — D))
(VyR(z,y) — R(zu) — (Pr — VyR(z,y) —
(Pr — R(z,u)))

(VyR(z,y)  —  R(zu) —  ((VaVyR(z,y) —
Yy R(z,y)) — (VaVyR(z,y) — R(z,u)))

replace B by =—Vy ~R(y) V 3z R(z)
in 32
replace C by —=Vy =R(y) — 3z R(z)

in 42

replace D by =Vy-R(y) -

—=3x R(z) in 43

MP with 41, 44

MP with 37, 45
MP with 11, 46

rename y into x in 47 at occurence 1

O

add axiom axiom5

rename y into w in 1

rename x into r in 2 at occurence 1
rename w into w in 3

rename r into y in 4 at occurence 1
replace R(@Sy) by R(z,@S1) in 5
rename y into r in 1

rename x into s in 7 at occurence 1
rename 7 into z in 8

rename s into v in 9 at occurence 1
replace R(@S7) by Vw R(@Sy,w) in
10

rename v into ¢ in 11 at occurence 1
rename w into d in 12 at occurence 1
rename w into @14 in 13 at occurence
1

rename c¢ into x in 14 at occurence 1
rename d into y in 15 at occurence 1
rename x14 into y in 16 at occurence
1

add sentence hilbl

replace P by C in 18

replace Q by D in 19

replace A by Py in 20

replace C by Yy R(z, y) in 21

replace D by R(z,u) in 22

eplace P; by Va Vy R(z,y) in 23
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25

26
27
28
29
30

(VzVy R(x,y) — VyR(z,y)) — VzVyR(z,y) —
R(z,u))

(z,y) — R(zu)

(z,y) — VzR(z,u
VaVy R(z,y) — YuVzR(z,u)

(z,y) — YyVzR(z,y)

(z,y) — VyVz R(z,y)

Implication of changing sequence of existence and universal quantor:

Theorem 0.5 (predtheo5).

Proof.

0 O Ui WK

19

20
21
22
23
24
25
26
27

JzVy R(z,y) — VYyIz R(z,y)

Vo R(z) — R(y)

Vo R(x) — R(w)

Vr R(r) — R(w)

Vr R(r) — R(u)

Wy R(y) — R(u)

Vy R(xz,y) — R(x,u)

R(y) — 3 R(z)

R(v) — 3dz R(w)

R(v) — Jw R(w)

R(z) — JwR(w)

R(z) — 3z R(z)

R(z,u) — JzR(z,u

(P= Q) = (A= P) = (4— Q)

(C = Q) — (4 —0C) = (4A— Q)

(C — D) — (4 — C) — (4 — D))

(€ — D) — (P — C) — (P — D))

(R(z,u) — D) — (P — Rz,uw)) — (P — D))
(R(,u) — 32R(zu) — (P — R(wu) — (Pr —

(R(z,u) — 3zR(z,u) — ((VyR(z,y) — Rlz,u) —
(Vy R(z,y) — 3z R(z,u)))

(VyR(z,y) — R(z,uw) — (YyR(z,y) — 3z R(zu))
VyR(z,y) — 32 R(zu)

JxVy R(z,y) — FzR(z,u)

JxVy R(z,y) — YuIzR(z,u)
JxVy R(z,y) — Vedz R(z,¢)
JxVy R(z,y) — VeddR(d,c)
JxVy R(x,y) — Yy3IdR(d,y)
JzVy R(z,y) — Vy3Iz R(z,y)

MP with 6, 24

MP with 17, 25

Generalize by z in 26

Generalize by u in 27

rename u into y in 28 at occurence 1

rename z into x in 29 at occurence 1

O

add axiom axiom5

rename y into w in 1

rename x into r in 2 at occurence 1
rename w into w in 3

rename r into y in 4 at occurence 1
replace R(@Sq) by R(xz,@Sq) in 5
add axiom axiom6

rename y into v in 7

rename x into w in 8 at occurence 1
rename v into x in 9

rename w into z in 10 at occurence 1
replace R(@S7) by R(@Sy,w) in 11
add sentence hilbl

replace P by C in 13

replace Q by D in 14

replace A by Py in 15

replace C by R(z,u) in 16

replace D by 3z R(z, u) in 17

replace Py by Yy R(z,y) in 18

MP with 12, 19
MP with 6, 20

Particularize by @ in 21

Generalize by u in 22

rename u into c in 23 at occurence 1
rename z into d in 24 at occurence 1
rename ¢ into y in 25 at occurence 1

rename d into x in 26 at occurence 1

O
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